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1. Introduction 

This paper is the continuation of the paper [5j of our study of the Moduli 
space of polarized Calabi-Yau threefold. 

A polarized Calabi-Yau manifold is a pair (X,u) of a compact algebraic 
manifold X with zero first Chern class and a Kahler form uj G H 2 (X, Z) . 
The form u is called a polarization. Let U be the universal deformation 
space of (X,u). U is smooth by a theorem of Tian \12\ . By |15| . we may 
assume that each X' G U is a Kahler-Einstein manifold, i.e. the associated 
Kahler metric (g' a -a) is Ricci flat. The tangent space T X 'U of U at X' can 

be identified with H 1 ^', T X i) w where 

H\X',T X ,) U = {<t>e H\X',T X ,)\^ 

The Weil-Petersson metric Gpw on U is defined by 



0} 



9 9, 



X' 



where 



^k 8 



dz° G H^X^Tx'h, and g' 



is the Kahler-Einstein metric on X associated to the polarization u. 
Let n = dimU. As showed in 0, we defined the Hodge metric ujj by 

= (n + 3)u\vp + -Ric(a;vi/p) 

where ui\yp is the Kahler form of the Weil-Petersson metric. 
The main result of [H] is the following 



Theorem 1.1. Let u>h 



in 



3)luwp + Ric(uwp)- Then 
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(1) u>h is a Kahler metric on U; 

(2) The holomorphic bisectional curvature of ujh is nonpositive. Fur- 
thermore, Let a = ((y/n+ l) 2 + > 0. Then the Ricci curvature 
Ric(LOn) < —olujh an d the holomorphic sectional curvature is also 
less than or equal to —a. 

(3) If Ric{uH) is bounded, then the Riemannian sectional curvature of 
ujh is also bounded. 

The main result of this paper builds on the above theorem: 

Theorem 1.2. Let X be a Calabi-Yau threefold. Let (pi,-- - ,(p n be the 
orthonormal harmonic basis of H 1 (^X,Tx)u- Then there is a constant C, 
depending only on n, such that the L°° norm of the sectional curvature \R\ 
satisfies 

n 

|i?|<C^||^||| 4 

8=1 

Remark 1.1. The crucial part of this theorem is that the curvature has an 
upper bound which only depends on the L 4 norm of the harmonic basis, 
rather than depends on the derivative of the harmonic basis. Upper bound 
of the sectional curvature of the Hodge metric is very important in the 
compactification of the moduli space (cf. jSJ). 

In order to prove the theorem, we need to estimate the covariant derivative 
of the Yukawa coupling with respect to the Weil-Petersson metric. As a by- 
product, we proved the following theorem (for definitions, see §2): 

Theorem 1.3. Let F = (Fijk) be the Yukawa coupling. Let 

rp a p _ pm 77 _ pin 77 _ ptn 77 1 9 z>- rp 

r ijk,l — u l r ijk L U r mjk 1 jl r imk 1 kl r ijm ' ^ I ^-l r ijk 

Then F^l = Fijl,k- 

Remark 1.2. The moduli space of a Calabi-Yau threefold is a projective 
special Kahler manifold in the sense of D. Freed [2]. In [I], the Yakuwa 
coupling of special Kahler manifolds is discussed. 

The motivation behind this paper and the paper [H] is that we want to 
give a differential geometric proof of the theorem of Viehweg JHJ in the case 
of the moduli space of Calabi-Yau threefolds. Viehweg's theorem states 
that moduli spaces of polarized algebraic varieties are quasi-projective. The 
boundedness of the curvature of the Hodge metric is very important because 
of the work of Mok [Jj, Mok-Zhong [Sj and Yeung By their theorems, 
if a complete Kahler manifold of finite volume has negative Ricci curvature 
and bounded sectional curvature, then it must be quasi-projective. In the 
case of the moduli space of Calabi-Yau threefolds, the Ricci curvature is 
negative (Theorem II .1JI . and the condition on the boundedness of the sec- 
tional curvatures can be weakened, thus it is very important to get various 
upper bound estimates of the sectional curvatures. 
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In the last section, we give an extra restriction on the limit of Hodge 
structures for a one dimensional degeneration of a family of Calabi-Yau 
threefolds. 

Acknowledgment. The author thanks Professor Tian for his constant 
encouragement and discussion during the preparation of this paper. He also 
thanks C. L. Wong for a lot of useful conversations. 

2. The Covariant Derivatives of the Yukawa Coupling 

Suppose 7r : X — > U is the total space over the (local) universal defor- 
mation space U of a Calabi-Yau threefold X. Thus for any point X' G U, 
tt^ 1 (X') is a Calabi-Yau threefold. The Hodge bundle F 3 = tt*Wx/u is the 
holomorphic line bundle over U where ujx/u is the relative canonical bundle 
of X. 

There is a natural Hermitian metric on F_ 3 defined by the Ricci flat metric 
on each fiber of tt. Such a metric can be written out explicitly as follows: 
since for any X' G U, tt~ 1 (X') is differmorphic to 7r -1 (0) = X, there is a 
natural identification of H 3 (X', C) -> H 3 (X, C). Suppose ip, ip G H 3 (X, C). 
Define the cup product 



Q(cp,Tp) = - 




Let fi be a local holomorphic section of F 3 . Thus for each X' G U, 
at X' is a holomorphic (3, 0) form on H 3 '°(X') C H 3 (X', C) and under the 
identification H 3 (X', C) -> H 3 (X, C), O(X') G # 3 (X, C). _ 

The Hermitian metric on F 3 is defined by setting ||^|| 2 = \f— 1Q(Q, Q). 

The technical heart of this paper is to compute the covariant deriva- 
tive of the Yukawa coupling with respect to the Weil-Petersson metric and 
the Hermitian metric on the bundle F 3 . Recall that by definition (see POj, 
for example), the Yukawa coupling is the (local) section F of the bun- 
dle Sym 3 ((Rl(T x/u ))*) ® (F 3 )® 2 over U such that for any (px,(p 2 ,<P3 G 
H l (X',T x ,) and Q G H 3 >°(X'), 

F(ipx,(p 2 ,(p 3 ) = (<fi A <p 2 A <p 3 M) A 
Jx' 

Here T^/u is the relative tangent sheaf of X — > J7. 

The basic property of the Yukawa coupling is that it is a holomorphic 
section. In fact, Let t , ••• ,£ n be the local holomorphic coordinate system 
of U. Let be a local nonzero section of the holomorphic bundle F 3 , We 
have 

d d d 

F ijk = = Q{tt,didjd k n), 1 < i,j,k < n 

where p : TxU — > H 1 (X,Tx) is the Kodaira-Spencer map. 

Let r^- be the Christoffel symbols of the Kahler metric and let Ki = 
—di log ||rj|| 2 be the connection of the Hermitian bundle F 3 with respect to 
the local section 0. We make the following definition: 
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Definition 2.1. For 1 < i,j,k < n, the covariant derivative of Fij k is 
defined as 

Fijk,i = diFijk — ^uFsjk — FfjF isk — Tf k Fij s + 1F^ k Ki 

In this section, we are going to compute Fijkj at a point X £ U in terms 
of the information of the fixed Calabi-Yau threefold X. 

We use the method developed by Siu Nannicini 9 and S chumacher 1 1 j . 
By Kahler geometry there is a holomorphic coordinate (t , ■ ■ ■ , t n ) of U such 
that at X, T^j = 0, 1 < k < n. Furthermore, if the local section Q of F 3 
is carefully chosen, then K[ = 0, 1 < I < n at X. 

Consider the Kodaira-Spencer map p : Tx'U — > H 1 (X' ,Tx')- Let cpj = 
p(Jjj), 1 < j < n. Suppose ipj's are harmonic Tx'-valued (0, 1) forms. These 
(fj's can be realized by the canonical lift in the sense of Siu 11 (See also 
Nannicini 9 and Schumacher JO]): suppose (z , z 2 , z s ) is the holomorphic 
coordinate on X. Then for each there is a vector Vj, called the canonical 
lift of -^j , on X which locally can be represented as Vj = -J^j + v" such 
that (fj = dvj-g^ is a harmonic T^'-valued (0,1) form. 

It should be noted that Vj is a vector field on X but neither is nor 

vflfz 5 ' a l° ne - in f ac t) the component in the expression Vj = -J^j + v^-^s 
is different from it is as the vector field on (/. It is also easy to check 
that the real part of the vector field Vj defines differmorphisms between 
the fibers. Using these differmorphisms, tensor fields of the nearby fibers 
can be identified as tensor fields on X. By Nannicini j^j or Siu the 
Lie derivative L Vl - is defined as the usual after pulling back via the 
differmorphisms . 

Now let's analyze the conditions Ki = and T l - k = for 1 < i, j, k, I < n 
at X. We have 

Proposition 2.1. We use the notations as above. In particular, suppose 
(w~> • • • , -ffin) and £1 are chosen such that T % - k = and Ki = at X G U . 
Then we have 

(1) (L^p = 0^ 

(2) (L Vk (fi) is a d -boundary. 

Proof: The key point is to identify the derivatives with respect to co- 
homological classes and the derivatives with respect to forms. Suppose for 
fixed I, vi = t\ + v— 1t2 where t\ and T2 are real vector fields. Let <J\{s) and 
o~2(s) be the flows defined by t\ and T2, respectively. Consider the 3- forms 
crj(s)*Q, i = 1, 2. Suppose 

ai(s)*Q = pi(s) + dqi(s) 

be the Hodge decomposition of <7j(s)*0 in H 3 (X,C). Then we have 

= 8^= — \ s =o(Pi(s) + v /Z Tp 2 (s)) 



by the definition of c^O. This is equivalent to 

^-\ s=0 ( ai ( s yTl + V^la 2 (s)*Q) - d^-\ s=0 ( qi (s) + v^gaC*)) = 
as as 

Or in other word 



L Vl Q, — da = 



for ° = tL\s=o{11 + V-1Q2) 

Using this, we have 



x 



HAL Vi n = 



On the other hand, K\ = implies 

o = d l Q(n,n)= [ l Ci oao+ f nM Vl n 

Jx Jx 
So the first part of the proposition follows from the following: 
Claim. 8L Vl Q = 0. 

Proof of the Claim: This follows from a straightforward computation. 
Let fi be represented as 

= adz 1 A dz 2 A dz 3 

where the functions a, z , z 2 , z 3 are holomorphic on each fiber and have 
parameter t. Suppose p(-m) = <P = f%d a dz^ is a harmonic Tx-valued (0, 1) 

P 

form. We have 

di^idz 1 Adz 2 Adz 3 )) 

= dd^- A dz 2 A dz 3 + didz 1 A d^- A dz 3 ) + didz 1 A dz 2 A d^-) 
(2.1) dt y dt ' y dt' 

q Q dz^ 

= -dd^— A dz 2 A dz 3 + dz 1 A dd^— A dz 3 - dz 1 A dz 2 A dd^— 
dt dt dt 

= - <9 2 ^| - d^)dz l A dz 2 A dz 3 A dz? 

By the harmonicity of tp, we have 

(2-2) d a ^ + ny- = Q 

where the notation is the connection of X which is different from the 
connection on the universal deformation space U. 

From the theory of deformation of complex structures, we know that d—tip 
defines the 9-operator on the nearby fibers. Thus we have 

f)n 

(2.3) d— = ^d a adzP 

Using Equation (|2TTj) . (f2~2|) and (JT3J), we have 

Q Q 

d—Q = d—dz 1 A dz 2 A dz 3 + ad—{dz l A dz 2 A dz 3 ) 
dt dt dV 1 

= (ip^d a a - aT^l)dz P A dz 1 A dz 2 A dz 3 
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So d-j^Q = follows from the fact 

ar^ 7 = a<9 7 log \a\ 2 = a<9 7 log a = d 1 a 

and the claim is proved. 

The second part of the proposition is implied in fSJ. We prove it for the 
sake of completeness. We assume at X, (z 1 , z 2 , z 3 ) are normal coordinates. 
By definition, 

L Vk <Pi = (d k (ipi)^ - (^IdjV^dadz^ 

Thus 

(2.4) d*L Vk ^ = (fy^fcOJ - (riffi^da 

We are going to prove d L Vk tpi = 0. By the harmonicity of (pi, we have 

= 

or 

Taking derivative with respect to d k gives 

(2.5) S^fttei)? + d k g^%M^ + d k (g^T^ 2 )(^ = 
Since L Vh u = (See Nannicini [2], for example), we have 

= L Vk g 0i dzP A dzft = {d k g mi + dpv^)cbfi A dz^ 
So we have 

(2-6) d k90i = -fywf 

We also have 

(2.7) d k {g^T% p2 ) = d k T« m = d k T^ 2 = d k dp 2 g^ = -dp 2 dpv% 
In addition, we have 

(2.8) d k d Pl (^)f = dpMVi)? ~ «&y(^)J 

Using Equation (f2~5)) . (f2~7)) and ((2~H|) . from Equation l|2~i|) and (|2~5i we 

get 5 L^^i = 0- 
By 0) we see that 

< L Vk (fi, (pj > 

So the harmonic part of L Vk ifi is zero. Thus L Vk <pi is a <9*-boundary by 
the Hodge decomposition. 

□ 

The condition that (^frv is an orthonormal basis implies that 

fir " > ^ H l (X, Tx) is a set of orthnormal basis of harmonic T^-valued 
forms. Let Q be the local nonzero section of F 3 . We make the following 
definition: 




Definition 2.2. 

ajk = (<Pj A ifk)* = <Pj A (f k M 
is an (1,2) form for 1 < j,k < n. Here 

d d 

(fj A ip k = (Vi)f (Vfc)J^ A — ® ^ A rfz 5 
If Q = adz 1 A dz 2 A dz 3 . Then ajk can be represented as 
(2.9) a jk = a(cpj)^(cp k )lsgn((, a, j)dz^ Adz 13 Adz 5 

Lemma 2.1. For 1 < j, k < n, 

d*a jk = 

Proof: Since X is a Kahler manifold, we have d* = \/— 1[A, 9]. First 
we have dajfc = 0. Next, suppose (z , z 2 , z 3 ) is a normal coordinate system. 
Then 

Aa jk = A(a((pj)^(ip k )jsgn(a, 7, t)dz* A dz p A dz 6 ) 
= a(ipj)^(ip k )^sgn(a, 7, [3)dz & - a(ipj)^(ip k )lsgn(a, 7, 5)dz p 

However, the fact that (pj_ao = and <p k ju> = implies (v 9 ?)^ = (Vj)^-) 
and (92/c)? = (v 9 *;)^- So Aaj k = and the lemma is proved. 



□ 



Definition 2.3. The Hodge *-operator on X is defined as 
* : A p ' q -> A n - p ' n ~ q , ^)dV = 99 A *V 

Lemma 2.2. For 1 < j,k < n 

*aj k = ajk 

Proof: By Equation (JTHJ), 

a jk = a(ipj)^(ip k )2sgn(a, 7, A dz P A dz 6 

We have 



* a jk = ^2 a(<Pj)jj(tp k )^sgn(a, 7, Qsgn(£, m, n)sgn((3, 5, r})dz m A d~z n A dz v 



= a(ifj)^(ip k )2dz a A dz^sgn^, 5, n)dz v = a jk 
Here we again use the fact (fjju = and (p k jtd = 0. 

□ 

Lemma 2.3. For 1 < j, k < n, 

d{L Vj ip k j£L) = da jk 



Proof: In Nannicini [0], it is proved that 

dL V] <pk = D*(cpj A (p k ) 

where 

D*(ifj A ip k ) = a a ((^-)f (Vktyd^dzP A dz 5 

The lemma follows from Equation 1)2. 9JI . 

Now we are going to prove the main theorem of this section. 

Theorem 2.1. Let G 6e i/ie Green's operator on differential forms of X. 
Suppose (pi,-- - ,<p n a-fe the orthnormal basis of H 1 (X,Tx)- Then 

Fijk,l= / (Gda u ,da jk )dV + / [Gdaij , da ik )dV + / {Gdai k ,da i:j )dV 
Jx Jx Jx 

where aij 's are defined in Definition[ 



It should be noted that the notation of the inner product is defined as 
(a, a) = ||a|| 2 . So (a, a) is not the norm of a. 

Proof: Since we choose the local coordinate (£].,■■■ , t n ) and the local 
section £1 such that T' L - k = Ki = 0, we have i^-fc,j = diFij k . By Proposi- 
tion EU 

diF ijk = di / (<p» A A <p k ) -ifi) A ft = / (L vi (pi A ipj A ip k M) AO, 
Jx Jx 



+ J [<fi A L Vl cpj A ¥?fc_ifl) A ft + / (ipi A<pj AL Vl <p> k jX) AO. 
Thus we need only to prove that 



{{L Vl <pi) A (£j A v?a,.j^) AO = / (Gdau,da jk )dV 
x Jx 

Let L Vl ipi = ha. Recall that = adz 1 A dz 2 A dz 3 . Then 
(2.10) (6 K jfi) = (-l) a a(^)g i dz 1 A • • • dz a ■ ■ ■ A dz 3 A dz 01 

By Equation (|2.9|) we see that 

(b H M A a jk ) = (-lTa^bu^&j^&^dz 1 A • • • dz<* ■ ■ ■ A dz 3 A dz" 1 

s 5 n(/3, 7, £)^ ? A dz ft A dz 71 
= « 2 (^)§! {<Pk)\ sgn(a, /3, j)sgn(a x , fa, 71) 

dz 1 A dz 2 A dz 3 A dz 1 A dz 2 A dz 3 
= — A (/Jj A ^fcjfi) A ft 

By Lemma 12.21 and the above equation, we have 

(ki A (pj A VJfe-ifi) A ft = -(fyjjft A o,-fc) 

(2.11) 

= (fyj_ift A*a^fc) = (buM,ajk)dV 



By Lemma l2.HI and Proposition 12.11 we have 

u(L Vl ipiM) = d*d(L Vl ipiM) + dd*(L Vl ipiM) 
= d*da h + d((d*L Vl tpi)M) = d*da u 

Since L vt tpi is a <9*-boundary (Proposition I2.1jl . we know 
(2.12) L Vl ifijVt = Gd*da u 

where G is the Green operator of the Laplacian □ . Thus by Equation Q2.11JI 
and (t2~T2l . 



{(L Vl (fi) A ipj A <pk->ty A = / {buM, a jk )dV 
v Jx 

(Gd*dau,a]k) = / {Gda u ,da jk )dV 
Jx 



x 

Corollary 2.1 fTheorem ll.3|) . For 1 < i,j,k,l < n, 

Fijk,l — ^ijl,k 

3. The Estimates 



□ 



□ 



In this section, we give an upper bound of the curvature tensor of the 
Hodge metric. We use the same notations as in the previous section. 

Suppose (z j • • • , z n ) is the normal holomorphic coordinate system at p £ 
U with respect to the Weil-Petersson metric ojwp = y—^-9qdz l A ctz- 7 . 

We further assume that 0) = 1. In we have proved that 

Theorem 3.1. If(z , • • • , z n ) is the normal coordinate system ofuwp, then 
the curvature tensor R^ h i of ujh = yf—lh-^dz 1 A dz 1 at p is 



where 



^ijkl — ^Sijdki + 15n5kj 4 ^ ^ Fjks-Fjls + 2 ^ ^ Fq] tm Fpi m Fi n pF^ 



jnq 

mnpq 



^ijkl — ^ ] Fjrs,kFjrs,l ^ ^ ( ^^ Fjrs,kFmrs) ( ^ ^ Fj rs iF nrs )h 
rs mn rs rs 

Here F^ is the Yukawa coupling and F^^i is its covariant derivative with 
respect to the Weil-Petersson metric and the connection on F 3 . 

It is proved in jS] that in order to bound the curvature tensor, we need 
only to bound the scalar curvature. By definition, the scalar curvature p is 

p = ~hPh^R m = -h^A m - hV% kl 



10 

Lemma 3.1. Suppose that the dimension of the universal deformation space 
U is n. Then 

\hP h kl A ilkl \ < 3n 6 
Proof: Under the local coordinate (z , • • • , z n ), we proved in [S] that 
hfj = 2(5 + ^ ^ Fi mn Fj mn 

ran 

Suppose further that 

mn 

Then 

h fj = (2 + X^Sij 
In particular, for fixed i,m,n 

\F- I < a/A~ 

l 1 imn\ i V A ' 

So 

E h iJ h M V Ft F~TF- F~- 
/ ^ qkm 1 plm 1 mp 1 jnq 

ijkl ranpq 

/ j o i \~~ ' o i \ FqkmFpkmFinpFinq 
— - 1 I + Aj z + Afc 



V- 1 1 ^ v 

" 4^ 2 + Ai 2 + A fc A 



In jS], we have proved that h 1 ^ h kl A^ k j > 0. Thus 

\h^h kl A. lhl \ < V -4 + 2 V — ~~r ^— A,A fe n 4 < 3n 6 



Now we consider h % ^h kl B It is easy to see that 



□ 



(3.1) < h^h kl B m < h$h kl F irs>k F jrSil < WijkA 2 

ijklrs ijkl 

Lemma 3.2. Using the notations in Theorem \2.1\ . we have 
l-Fijfc.il < 3(||^i|||4 + \Wj\\ A L A + \\(pk\\i* + \Wi\\\a) 
Proof: Since the Green operator is a positive operator, we have 



| J (Gdaii,da jk )\ < J J (Gdau,dau)^J J (Gda jk ,daj 
However, for fixed l,i, by Lemma 12, II we have 



■jk) 



Gd*dau = GUau = an - H(au) 
where H(an) is the harmonic part in the Hodge decomposition of an. Thus 
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I / (Gdau,dan)\ < \ / (Gd*da u , a u )\ < / \a H \ 2 < / |^| 4 + |^| 
Jx Jx Jx Jx 

So by Theorem 12.11 

|-Fijfc,i| < 3(11^11^4 + \\fj\\ 4 L 4 + WtpkWi* + WfiWh) 



□ 



Theorem 3.2 (Theorem 11.2(1 . The scalar curvature p of the Hodge metric 
satisfies 

< -p < 3n 6 + 144n 3 ^ ll^ll^ 

i 

Proof: p < follows from |H] . The upper bound is from Lemma 13.11 and 
Lemma 13.21 □ 

4. A Remark on the Theorem of C-L Wang 

In his paper [Tl], C-L Wong gave a necessary and sufficient condition 
for the Weil-Petersson metric to be incomplete for a family of Calabi-Yau 
manifolds over a punctured disk. The main theorem of him is (for the precise 
definitions and notations, see Wong |14j): 

Theorem 4.1 (C-L Wong Jl]). Let A* be the parameter space of a family 
of Calabi- Yau manifolds. Let be the limit of F n in the sense of Hodge 
theory and N is the associated nilpotent operator. Then the necessary and 
sufficient condition for the Weil-Petersson metric to be incomplete is that 
NF^ = 0. 



In this section, we are going to prove, even if the Weil-Petersson metric 
is complete, we still have some restrictions on F^ for n = 3. 

The classical Weil-Petersson metric is defined by giving a natural Hermit- 
ian metric on H 1 (X,Tx) induced by the Ricci flat Kahler metric for each 
Calabi-Yau manifold. However, by the theorem of Tian ^2j, We can look 
at the Weil-Petersson metric in a different way. 

Recall that the Hodge bundle F^_ over the classifying space D is the 
tautological bundle of the filtration 

0CF"C F n_1 C • • • C F l C H 

The natural Hermitian metric on F n is the polarization Q. Suppose u is the 
curvature form of the Hermitian metric Q, then co is an closed (1,1) form of 
D. Suppose M is a horizontal slice of D (see Griffiths [3], for example), then 
ijj restricts to a semi-positive form on M. However, if M is the universal 
deformation space of a Calabi-Yau manifold, then by Tian's theorem |12j . 
lu\m must be positive definite and is the Weil-Petersson metric. 

Thus there are some restrictions for a horizontal slice on which the uj is 
positive definite. The following theorem gives one of the restrictions on the 
limiting Hodge structure. 
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Theorem 4.2. We use the notations in the above theorem and in // 
n = 3, then 

Q{Fl,N*Fl - 3N 2 F^ - 2NF^) = 

Proof: Let 

n = e^ l ° szN A(z) 

where A(z) is a vector valued holomorphic function of z G A*, the punctured 
unit disk. Let 

F zzz = (ft, d z d z d z n) 

It is easy to check that 



linj iz 6 F zzz = Q(F^,N d F^ - W'F^ - 2NF C 
z ^o 



So we need only to prove that 

lim z 3 F zzz = 

Z ^Q 

Let p £ A*. Then since p represents a Calabi-Yau threefold, we have a 
map / from a neighborhood of p in A* to the universal deformation space U. 
Suppose in local coordinates, the map / is z i— > (z 1 , ■ ■ ■ , z n ). Let Z % = 
Then from [B], we see that the Hodge metric on A* can be written as 

h = h i3 Z l Z 3 = (2g Cj + g m ^g^F imp F~)Z' l Z 3 

where gq and hq are the Weil-Petersson metric and the Hodge metric, re- 
spectively. Since gq < hq, we have 



1T7I 



h > h mn h™F mp F ]nq Z*Z 



By the Cauchy inequality, we see that 

{h m VF imp F~Z i Z 3 )h 2 > \F ijk Z l ZiZ k \ 2 



h 3 > \F iik Z i Z3Z h \ % = |F 222 | 2 



So we have 

In [Sj, it is proved that the curvature of h is negative away from zero. So 
the Schwartz lemma gives, 

h < c 



r 2 (log i) 2 

Then 



Af zzz \ 2 < c— r 



6 



r 6(l gl)e 
The theorem is proved. 



□ 
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